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Mathematics Extension 2 
General Instructions 

 Reading time –  5 minutes 

 Working time – 3  hours 

 Write using black pen 

 Board-approved calculators may be used 

 A reference sheet is provided 

 In Questions 11 – 16, show relevant mathematical 

reasoning and/or calculations 
 

Section I    /10 

Section II  

Question 11 /15 

Question 12 /15 

Question 13 /15 

Question 14 /15 

Question 15 /15 

Question 16 /15 

Total /100 
 

Total Marks – 100 

 

                                  Pages 2 – 5  

    10 marks 

 Attempt Questions 1 – 10 

 Allow about 15 minutes for this section 

 Answer on the multiple choice answer sheet 

provided at the back of this paper 

 

 

                                  Pages 6 – 11  

    90 marks 

 Attempt Questions 11 – 16 

 Allow about 2 hours and 45 minutes for this 

section 

 Begin each question in a new writing booklet 

Section I 

 

Section II 
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Section I 
 

10 marks 

Attempt Questions 1 – 10 

Allow about 15 minutes for this section 
 

Use the multiple-choice answer sheet for Questions 1–10. 

 

1. If  𝑧 =  
3+4𝑖

1+2𝑖
,  the imaginary part of z is: 

 
 (A) −2 

 (B) −
2

5 

 (C) −
2

5
𝑖 

 (D) −2𝑖 

 

2. Which graph best represents 𝑦 = |log𝑒(𝑥 + 1)|? 

 (A) 

 

(B) 

 

     

 (C) 

 

(D) 
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Section I (cont’d) 

 

3. The equation 2𝑥3 − 4𝑥2 − 8𝑥 − 1 = 0 has roots 𝛼,  𝛽  and  𝛾. 

What is the value of 𝛼−3𝛽−3𝛾−3? 

 

 (A) –8 

 (B) −
1

8
 

 (C) 
1

8
 

 (D) 8 

 

4. The diagram shows the solution of an equation. 

 

 

 

 

 

 

  

 Which of these could be the equation, if 𝑧 is a point on the circumference    
 of the circle? 

 

 (A) Arg (𝑧 –  𝑎) = Arg (𝑧 +  𝑎) 

 (B) Arg (𝑧 –  𝑎) – Arg (𝑧 +  𝑎) = 
𝜋

2
  

 (C) Arg (𝑧 +  𝑎) – Arg (𝑧 –  𝑎) = 
𝜋

3
 

 (D) Arg (𝑧 –  𝑎) – Arg (𝑧 +  𝑎) =  
𝜋

3
 

 

 

 

x 

y 

𝑎  – 𝑎 
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Section I (cont’d) 

 

5. Find ∫
𝑑𝑥

𝑥2 + 4𝑥 + 9
 . 

 

(A) 
1

√5
 tan−1 (

𝑥 +  2

√5
) +  𝑐 

(B) 
1

5
 tan−1 (

𝑥 +  2

√5
)  +  𝑐 

(C) 
1

√5
 tan−1 (

𝑥

√5
)  +  𝑐 

(D)   
1

5
 tan−1 (

𝑥

√5
)  +  𝑐 

 

6. The polynomial 𝑃(𝑥) = 𝑥3 − 6𝑥2 + 9𝑥 + 𝑐 has a double zero.  

What are the values of c ? 

 

 (A) 𝑐 = – 4 or 𝑐 = – 1 

 (B) 𝑐 = – 4 or c = 0 

 (C) c = 4 or c = 7 

 (D) c = 4 or c = 0 

 

 

7. Which of the following is an expression for  ∫𝑥𝑒−𝑥  𝑑𝑥? 

 

(A) −𝑥𝑒−𝑥 − 𝑒−𝑥 + 𝑐 

(B) −𝑥𝑒−𝑥 + 𝑒−𝑥 + 𝑐 

(C) 𝑥𝑒−𝑥 − 𝑒−𝑥 + 𝑐 

(D) 𝑥𝑒−𝑥 + 𝑒−𝑥 + 𝑐 

 



St George Girls High School 

Trial HSC Examination – Mathematics Extension 2 – 2019      Page 5 
 

 

Section I (cont’d) 
 

8. What is the eccentricity of the ellipse 4𝑥2 + 9𝑦2 = 16? 

 

(A) 
13

3
 

(B) 
√5

9
 

(C) √13

3
 

(D) 
√5

3
 

 

9. The circle  𝑥2 + 𝑦2 = 9  is rotated about the line  𝑥 =  4  to form a solid. 

What is an expression for the volume of the solid using the method of cylindrical shells? 
 

 (A) 2𝜋 ∫ (4 − 𝑥)√9 − 𝑥2𝑑𝑥
3

0

 

 (B) 4𝜋 ∫ (4 − 𝑥)√9 − 𝑥2𝑑𝑥
3

0

 

 (C) 2𝜋 ∫ (4 − 𝑥)√9 − 𝑥2𝑑𝑥
3

−3

 

 (D) 4𝜋 ∫ (4 − 𝑥)√9 − 𝑥2𝑑𝑥
3

−3

 

 

10. A body of mass 𝑚 kg moves in a straight line with initial speed U ms-1 subject to a 

resistance of magnitude 𝑚(1 + 𝑣) Newtons when its speed is 𝑣 ms-1 . What is the time 

taken in seconds by the body to come to rest? 
 

 (A) 
1

1 + 𝑈
 

 (B) √1 + 𝑈 

 (C) ln(1 + 𝑈) 

 (D) e1+𝑈  

End of Section I  
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Section II 

90 marks 

Attempt Questions 11 – 16 

Allow about 2 hours 45 minutes for this section 

 

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available. 
 

In Questions 11 – 16, your responses should include relevant mathematical reasoning and/or  

calculations. 
 

 

Question 11  (15 marks)  Use a SEPARATE writing booklet                                       Marks 
 

a) For 𝑧 = 3 + 𝑖 and 𝑤 = 2 + 2𝑖, find the values of:  
 

(i) arg (𝑤 − 𝑧)            1 
 
 

(ii) 𝑤 + 2𝑖𝑧̅̅ ̅̅            2 
 
 
 

b) Use a suitable trigonometric substitution to evaluate the following integral.  3 
 

                                            ∫ √1 − 𝑥2𝑑𝑥
1

0
 

 
 
 
 

c) (i)     Express 
𝑥

(𝑥 + 1)(𝑥2 + 1)
 in the form 

𝐴

𝑥 + 1
 +

𝐵𝑥 + 𝐶 

𝑥2 + 1
 .    2 

 

 

 (ii)    Hence find   ∫
𝑥

(𝑥 + 1)(𝑥2 + 1)
𝑑𝑥.       2 

 
 
 
 

d) (i)   Find real numbers a and b such that (𝑎 + 𝑖𝑏)2 = −3 + 4𝑖.    3 
 
 

(ii)   Hence solve the equation 𝑧2 − 3𝑧 + (3 − 𝑖) = 0.     2 
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Question 12  (15 marks)      Use a SEPARATE writing booklet                                                Marks 
 

a) A rectangular hyperbola A has the equation 𝑥𝑦 = 18. 

(i) Show that the equation of the normal N1 to A at the point P (2, 9) is 2 

 given by 2𝑥 − 9𝑦 + 77 = 0. 

(ii) Find, in general form, an equation of the normal N2 to A at the point 1 

Q (9, 2). 

(iii) Find the coordinates of point B where N1 and N2 intersect. 1 

(iv) Show that the quadrilateral OPBQ is a rhombus. 2 

 

b) Find all the roots of the equation:  3 

                                        18𝑥3 + 3𝑥2 − 28𝑥 + 12 = 0 

given that two of the roots are equal. 

 

c) The shaded region bounded by the parabolas 𝑦 = 2𝑥 − 𝑥2 and 𝑦 = 4𝑥 −  2𝑥2 3 

between  𝑥 = 0  and  𝑥 = 2  is as shown in the diagram.  

 

 

 

 

 

 

 

  

Use the cylindrical shells method to find the volume of the solid formed when  

the shaded area is rotated about the line  𝑥 = 2. 

 

d) On an Argand diagrams, shade in the regions containing all points  3 
representing complex numbers z  such that: 

                            |𝑧| ≤ |𝑧 − 2| and −
𝜋

4
≤ arg 𝑧 ≤

𝜋

4
  

y 

x 

1 

2 

0 2 

x = 2 
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Question 13  (15 marks)       Use a SEPARATE writing booklet.                                                      Marks 
 

a)  

 

 

 

 

 

 

 

 

The graph of 𝑦 = 𝑓(𝑥) is shown above. Draw separate one-third page sketches of 

these functions. Indicate clearly any asymptotes and intercepts with the axes. 

(i) 𝑦 = 𝑓(|𝑥|) 2 

(ii) 𝑦 = √𝑓(𝑥) 2 

(iii) 𝑦 = [𝑓(𝑥)]2 2 

(iv) 𝑦 = 𝑓−1(𝑥) 2 

 

 

b) A solid is formed by rotating about the 𝑥 −axis, the region bounded by the   3 

parabola  𝑦2 = 4𝑎𝑥, the 𝑥 −axis and ordinate 𝑥 =  𝑎. Find the volume of    

this solid using the method of slicing. 

 

 

c) 𝐼𝑛 = ∫ (1 − log𝑒  𝑥)𝑛𝑒

1
𝑑𝑥     n = 0,1,2, . .. 

(i) Show that  𝐼𝑛 = −1 + 𝑛𝐼𝑛−1     n = 1,2,3, . .. 2 

(ii) Hence evaluate  ∫ (1 − log𝑒  𝑥)3𝑒

1
𝑑𝑥 . 2 
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Question 14  (15 marks)       Use a SEPARATE writing booklet.                                                      Marks 
 

a) A particle of mass 𝑚 falls from rest in a medium where the resistance to motion 

has magnitude 𝑚𝑘𝑣 for some positive constant 𝑘 when the speed is 𝑣, and the 

terminal velocity of the particle is V. The particle falls a distance 𝑥 in time 𝑡, and 

the acceleration due to gravity is g. 

  

(i) Show that  𝑥̈ =  
𝑔

𝑉
(𝑉 − 𝑣) .       2p 

(ii) If the particle attains half its terminal velocity in time T and falls a   4 

 distance 𝑋 in this time, show that  𝑉𝑇 − 𝑋 =  
𝑉2

2𝑔
 . 

 

 

b) Sketch the graph of  𝑦 = 𝑥2 + 
1

𝑥2 .       3 

 

 

c) Find the equation of the tangent to the curve  𝑥2𝑦 + 𝑥𝑦2 − 6 = 0    3 

at the point (1, 2). 

 

 

d) The base of a solid is the region bounded by the curves  𝑦 = 9𝑥 − 𝑥3, 3 

𝑦 = −9𝑥 + 𝑥3  between  𝑥 = 0 and  𝑥 = 3. 
 

Each cross section perpendicular to the 𝑥 −axis is a semi circle as shown in 
the diagram. 

 

  

 

 

  

 
 
 

Find the volume of this solid.                                                          

  

𝑦 = 9𝑥 − 𝑥3 

𝑦 = −9𝑥 + 𝑥3 

y 

x 

0 
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Question 15 (15 marks)      Use a SEPARATE writing booklet.                                         Marks 

a) 𝑃(𝑎cos𝜃, 𝑏sin𝜃)  lies on the ellipse  
𝑥2

𝑎2 +
𝑦2

𝑏2 = 1     𝑎 > 𝑏 > 0. 

The tangent and the normal at P cut the 𝑦 −axis at A and B respectively, and  

S(ae, 0) is a focus of the ellipse. 

(i) Show that the tangent to the ellipse at P is the following equation. 2 

  
𝑥cos 𝜃

𝑎
+

𝑦sin 𝜃

𝑏
 = 1 

(ii) Show that the normal to the ellipse at P is the following equation. 2 

  
𝑎𝑥

cos 𝜃
−

𝑏𝑦

sin 𝜃
 = 𝑎2 − 𝑏2 

(iii) Why is ∠𝐴𝑆𝐵 = 90°?   3 

(iv) Deduce that A, P, S and B are concyclic points. 1 

 

 

b) A particle is initially at  𝑥 = 1 with a velocity of  2 m/s. 

The acceleration of the particle is given by 𝑎 =  
1 

2 
 (1 −

1

𝑥2 ), where 𝑥 is the 

displacement of the particle from 0. 

(i) Prove that  
𝑑𝑥

𝑑𝑡
  =  

1 + 𝑥

√ 𝑥
 . 3 

(ii) Find the time taken for the particle to reach  𝑥 = 3.  4 
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Question 16 (15 marks)      Use a SEPARATE writing booklet.                                                  Marks 
 

a) In the Argand diagram below, OPQ  is a triangle, which is right-angled at Q.  

The point R  is the midpoint of OP .  

 
 

(i) If  𝑂𝑃⃗⃗ ⃗⃗  ⃗ = 𝑧  and  𝑂𝑄⃗⃗⃗⃗⃗⃗ = 𝑤  show that  𝑂𝑅⃗⃗ ⃗⃗  ⃗ =  
1

2
 (1 − 𝑘𝑖)𝑤,  

where 𝑘 is a constant , 𝑘 > 0.  3 

 

 

(ii) Express 𝑅𝑄⃗⃗ ⃗⃗  ⃗ in terms of 𝑤 and hence show |𝑂𝑅⃗⃗ ⃗⃗  ⃗| =  |𝑅𝑄⃗⃗ ⃗⃗  ⃗|.   2 

 

b)    If 𝑥 > 1,   show that tan−1 (
𝑥+1

𝑥−1
) − tan−1 (

1

𝑥
) =

𝜋

4
.   3 

 

c) A particle of mass 𝑚 moves along the 𝑥 −axis, beginning at 𝑥 = 0.  

It experiences a resistive force 𝑅 given by 𝑅 =  𝑘𝑣, where 𝑘  is a constant and  

𝑣  is the velocity of the particle.     

(i) Show that its speed 𝑣,  is given by  𝑣 =  𝑣0𝑒
−

𝑘𝑡
𝑚 , where 𝑣0 is the 

initial speed.       3 

 

(ii) Show that the displacement (𝑥 ) of the particle after t  seconds is given by 3 

    𝑥 =  
𝑚𝑣0

𝑘
[1 − 𝑒−

𝑘𝑡
𝑚]. 

 

(iii) Show that its limiting position 𝑥𝐿  is given by   𝑥𝐿 =
𝑚𝑣0
𝑘

. 1 

 

 

End of Examination 
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